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Abstract

The relationship between the normalised ultrasonic velocity (v=v0) and the volume fraction (P) of pores in porous materials has

been derived on the basis of a minimum solid area of contact model. It considers the development of the minimum solid area of
contact during the sintering of an assembly of monosized spheres stacked in simple cubic packing. It is shown that by using a single
model parameter ``c'', related to the e�ective aspect ratio ``�'' of spheroidal pores; it is possible to predict the trends in variation of

the experimental (v=v0 versus P) data of hot pressed silicon carbide (SiC), hot pressed silicon nitride (HPSN), reaction bonded sili-
con nitride (RBSN), porcelain, ceramic superconductors based on YBCO system, sintered iron and tungsten powder compacts as
well as alumina. In addition, it was found that a single relation describes the behaviour of both longitudinal and transverse wave

velocity as a function of pore volume fraction in all but the ceramic superconductors of the aforesaid materials. Finally, it is pro-
posed that for all practical purposes, the analytical relation derived in the present work, can be e�ciently approximated by an
empirical relationship: v=v0 � 1ÿ a1P� �n, where the subscript zero refers to the material of theoretical density and a1, n are ®tting
parameters. # 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The variation of ultrasonic velocity as a function of
microstructural parameters has recently emerged as a
very important experimental tool to characterise the
development of structural features in both green and
sintered ceramics as well as sintered powder metal
compacts.1±6 The most signi®cant microstructural para-
meters in this connection are the pore volume fraction
(P), pore shape, their spatial orientation with respect to
the stress axis and their size distribution.3,4,6 However,
theoretical attempts to model the relationship between
the pore volume fraction (P) and ultrasonic velocity in
sintered ceramics as well as metal powder compacts in
terms of the important microstructural parameters are
limited in number.4,6

Panakkal and co-workers7,8 compared the observed
variations in the ultrasonic velocities of sintered clay
ceramic and iron powder compact with the theoretical

predictions based on both linear elasticity as well as
scattering theories. Large deviations were observed
between the experimental data and the theoretical pre-
dictions. This was attributed to the non-spherical shape
of pores. To overcome such problems Phani9 developed
a model based on the self-consistent spheroidal (SCS)
inclusion theory based on e�ective aspect ratio (�) of
the spheroids by adopting a scheme ®rst utilised by
Dean10 to explain the modulus±porosity data of sintered
ceramics; on the basis of the original theoretical work of
Wu.11 This model could explain the ultrasonic velocity
versus pore volume fraction or volume fraction of sec-
ond phase inclusion data on sintered iron powder com-
pacts reported by Panakkal8, sintered ZTA6 and all but
the data on porcelain and sintered alumina reported
earlier by Roth et al.12,13 Subsequent attempt to develop
a model, which assumes the material to be a composite
with cylindrical pores lying perpendicular to the stress
axis14, overestimated the data of sintered alumina15 by
as much as 10%. Very recently, Boccaccini et al.16 have
claimed better success in explaining all the data on pore
volume fraction versus ultrasonic velocity used by
Phani9, by utilising a model that involves a term ``z=x''
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de®ned as the mean axial ratio, i.e. shape factor of
spheroidal pores. However, even with the application of
the Mori±Tanaka theory,17 which is based on the con-
cept of average stress in the matrix; the predicted trend
of curvature did not satisfactorily ®t the experimental
data on elastic moduli versus pore volume fraction
(0 < P < 0:35) of ZnO3.
Clearly, there is ample need to develop more precise

understanding about the detailed nature of in¯uence
that the various microstructural parameters can exercise
on the ultrasonic and elastic properties of sintered cera-
mics in general. Rice has recently expanded the con-
sideration of actual load bearing area in this connection,
on the premise that most physical properties including
elastic/ultrasonic properties are determined by the
minimum contact area fraction normal to the applied
¯ux or stress.18±20 Very recently, utilising the work of
Mizusaki et al.,21 the present authors have developed a
minimum contact area (MCA) model, which gives the
relationship between the normalised Young's modulus
(E=E0) and the pore volume fraction (P) developed
during sintering of an idealised cubic array of mono-
sized spheres.22

The purpose of the present work were: (a) to derive a
relationship between the normalised ultrasonic velocity
(v=v0) and pore volume fraction (P) in terms of the
adjustable parameter ``c'' of the MCA model,22 (b) to
examine if there is any interconnection between the
parameter ``c'' of MCA model and the e�ective aspect
ratio ``a'' of pores, considered in the SCS model,9 (c) to
show that both longitudinal and transverse ultrasonic
wave velocities of brittle materials can be described by
an empirical relationship v=v0= 1ÿ a1P� �n (where a1
and n are ®tting parameters) e�ectively equivalent to the
relationship derived from MCA concept and (d) to
check the validity of the model by predicting the trend
of variation in the experimental data from literature on
hot pressed silicon carbide (SiC), hot pressed silicon
nitride (HPSN), reaction bonded silicon nitride
(RBSN), porcelain, ceramic superconductors based on
YBCO system, sintered iron powder compact and sin-
tered tungsten powder compacts of varying particle
sizes.

2. Theory

The present MCA model22 is developed on the basis
of a model proposed earlier by Mizusaki et al.21 Here,
the physical picture of sintering for an idealised
arrangement of monosized spheres stacked in a simple
cubic array is considered. Then the model calculates the
gradual change in the minimum solid area of contact
between the neighbouring grains with the progress of
densi®cation, for this idealised assembly of particles. As
sintering progresses, each sphere becomes welded to its

six nearest neighbours. This causes shrinkage. There-
fore, densi®cation takes place along three mutually per-
pendicular axes. This makes the three dimensional array
turn parallel to form parallelopipeds. Each of these
parallelopipeds contains a uniaxial string of spheres. As
the shrinkage increases, more densi®cation occurs. This
process continues until each string of spheres become a
compact square bar. The assembly of these square bars
generates the sintered compact. Rice20 has recently sug-
gested that the elastic/ultrasonic or mechanical proper-
ties of such sintered compacts are determined basically
by the minimum solid area of contact. This develops at
the neck between the particles along the direction of the
externally applied stress. Therefore, the consideration of
only one string of spheres along this stress axis becomes
su�cient. Based on this premise and the related simpli-
fying criteria21 we have recently shown analytically that
the relative density (�=�0) is given by:22

�=�0� � � a2 ÿ 4ab=�� � � b2=2
ÿ �� 8abc=�� �� � �1�

where a � 1� r0� �=2� � and b � 1ÿ r0� �=2� �. The sig-
ni®cance of the terms ``r0'' and ``c'' in Eq. (2) are sche-
matically illustrated in Fig. 1. In our earlier work22 we
have already shown that for all practical purposes:

r20 � E=E0 �2�

Fig. 1. This schematic presentation of the minimum contact area

(MCA) model22 is based on the work of Mizusaki et al.21 The two

sine-wave function representations are to approximate the shape of

a partially deformed sphere and the developing neck area between

two neighbouring spheres during sintering of monosized spheres

packed in a simple cubic fashion; along with the de®nitions of the

parameters c and r0. Here at is the diameter of the deforming sphere at

an instant, t.
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Indeed the Eq. (2) could predict reasonably well the
trend of variation in experimental data on relative
Young's moduli, E=E0 as a function of pore volume
fraction in a large number of polycrystalline ceramic
oxides such as Lu2O3, Sm2O3, Yb2O3, Al2O3, etc. This
clearly indicates, that the relative Young's modulus is
directly controlled by the normalised minimum contact
area fraction, as suggested also by Rice18±20 in the cases
of a much wider variety of ceramic materials.
From physical acoustics, assuming that the ultra-

sonic/elastic properties are not a�ected to a very sig-
ni®cant extent by the variation in Poisson's ratio with
the pore volume fraction (P) in a solid of density �; we
have the relationship between ultrasonic velocity (v) and
Young's modulus given by:6±9

E � v2� �3�

and

E0 � v20�0 �4�

In all these equations, as mentioned earlier, the sub-
script ``0'' refers to properties of a material with theo-
retical density, �0. Thus, we have from Eqs. (3) and (4):

v=v0� � � E=E0�= �=�0� ��1=2ÿ� �5�

Using Eq. (2) in Eq. (5) we get:

v=v0� � � r0� ��= �=�0� �� �1=2� �6�

Now, the standard relationship between the pore
volume fraction (P) and relative density (�=�0) is given
by:22

�=�0� � � 1ÿ P� � �7�

Therefore, we have from Eqs. (1) and (7);

1ÿ P� � � a2 ÿ 4ab=�� � � b2=2
ÿ �� 8abc=�� �� 	 �8�

Thus, we obtain from Eqs. (6) and (7) by algebraic
manipulations:

v=v0� � � r0� �= 1ÿ P� �1=2 �9�

Now, using Eq. (8) in the denominator of Eq. (9) we get:

v=v0� � � r0� �= a2 ÿ 4ab=�� � � b2=2
ÿ �� 8abc=�� �� 	� �1=2

�10�

Therefore, substituting ``a'' and ``b'' in terms of r0 and
bearing in mind the fact that r0 can not be a negative
quantity due to physical restriction, we ®nally get from
Eq. (10):

v=v0� � � 1ÿ 64A Pÿ 1� B� �1=2� 	ÿ 1
� �

= 8A 1ÿ P� �1=2� �
�11�

where A � 3=8� � ÿDf g, B � 3=8� � �Df g and D �
2cÿ 1� �=�f g. Clearly then, Eq. (11) predicts the varia-

tion in relative ultrasonic velocity, v=v0, with the pore
volume fraction, P using only one adjustable parameter,
``c'', of the minimum contact area model22. It has been
shown in the Appendix (A3) that the analytical expres-
sion of (v=v0) as given by Eq. (11) can be approximated
e�ectively by the following, proposed empirical relation:

v=v0 � 1ÿ a1P� �n �A3�

where both ``a1'' and ``n'' are ®tting parameters.

3. Data analysis

All data analysed earlier by Phani9 on the basis of
self-consistent spheroidal inclusion (SCS) theory and
recently by Boccasini et al.16 on the basis of ``mean axial
ratio'' concept; were re-examined. This assemblage
include data on hot pressed silicon carbide (SiC), hot
pressed silicon nitride (HPSN), reaction bonded silicon
nitride (RBSN), porcelain, ceramic superconductors
based on YBCO system, sintered iron powder compact
and sintered tungsten powder compacts of varying par-
ticle size. A computer program was run to ®nd the best
value of ``c'' corresponding to the best ®t (solid lines in
Figs. 2±11) of Eq. (11) to a given set of data. In addi-
tion, a separate computer program was run to estimate
the values of the parameters ``a1'' and ``n'' which would
®t the proposed empirical Eq. (A3) to the same data the
best. From these ``a1'' values for di�erent materials, the
corresponding critical porosity, Pc, was found out by
the expression: Pc � 1=a1� �. The justi®cation for this
has been given at the end of the next section.
Further, to investigate the interrelationship between

the e�ective aspect ratio parameter ``a'' of the SCSmodel
and the densi®cation parameter ``c'' of the MCA model,
the value of the e�ective aspect ratio parameter ``a'' was
taken from Phani9 for a given data set. All such data are
given in Table 1, for the materials investigated here.
As an independent check for the validity of our pro-

posed model and the corresponding equations, e.g. (11)
and (A3), the data on ultrasonic velocity of partially
sintered alumina compacts of two di�erent initial rela-
tive density as reported earlier by Lam et al.23 were also
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re-examined. It has been shown below that our pro-
posed model could not only predict the experimentally
observed trends in variation of relative ultrasonic velo-
city with the pore volume fraction but also could predict
the values of the critical porosities which match favour-
ably with the experimental data.

4. Results

4.1. Silicon carbide

Fig. 2 shows the experimental data reported origin-
ally by Baaklini et al.24 on the variation in relative
longitudinal ultrasonic velocity (v=v0) as a function of

pore volume fraction (P) in hot pressed silicon carbide
along with the best ®tted trend (c � 0:62) as predicted
by the present MCA model. In spite of the very small
range of pore volume fraction data (0±0.12), the pro-
posed Eq. (11) could predict the experimentally
observed trend of the data. The corresponding value of
e�ective pore aspect ratio parameter ``�'' was estimated
out to be equal to 0.689 by Phani9 on the basis of SCS
model as mentioned earlier and is given in Table 1 along
with other relevant parameters.

4.2. Silicon nitride

The experimental (v=v0) versus P data reported ori-
ginally by Maclean et al.25 for HPSN and by Throp and

Fig. 2. Variation of relative ultrasonic velocity, v=v0 (&, longitudinal)

with pore volume fraction (P) data of hot pressed silicon carbide (HP

SiC) from literature.24 The solid line represent best ®t (c � 0:62) to the

proposed relationship [Eq. (11)] derived on the basis of the MCA

model.

Fig. 4. Variation of relative ultrasonic velocity, v=v0 (&, longitudinal;

*, transverse) with pore volume fraction (P) data of reaction bonded

silicon nitride (RBSN) from literature.26 The solid line represent best

®t (c � 0:50) to the proposed relationship [Eq. (11)] derived on the

basis of the MCA model.

Fig. 5. Variation of relative ultrasonic velocity, v=v0 (&, longitudinal,

*, transverse) with pore volume fraction (P) data of porcelain from

literature.27 The solid line represent best ®t (c � 0:82) to the proposed

relationship [Eq. (11)] derived on the basis of the MCA model.

Fig. 3. Variation of relative ultrasonic velocity, v=v0 (&, longitudinal;

*, transverse) with pore volume fraction (P) data of hot pressed sili-

con nitride (HPSN) from literature.25 The solid line represent best ®t

(c � 0:60) to the proposed relationship [Eq. (11)] derived on the basis

of the MCA model.
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Bushell26 for RBSN along with the best ®tted trend
(c � 0:6, c � 0:5) are shown in Figs. 3 and 4, respec-
tively. In both of these cases, the predicted trends match
with the experimental data. Further, in each of these
cases, one singular ``c'' value could predict the experi-
mentally observed trends of variation in both long-
itudinal and transverse velocities as a function of the
corresponding pore volume fraction data; as predicted
according to the current MCA model, Eq. (11). The ``�''
values as estimated from SCS model9 are 0.441 and
0.621 for HPSN and RBSN, respectively.

4.3. Porcelain

The trends of variation in experimental (v=v0) versus
P data on Porcelain27 along with the best ®tted trend

[c � 0:82, Eq. (11)] are shown in Fig. 5. For both long-
itudinal and transverse velocities the predicted trends
match with the experimental data. Here, ``�'' is
0.1509.

4.4. Ceramic superconductor (YBa2Cu3O7ÿx)

The trends of variation in the experimental (v=v0)
versus P data28±32 of YBa2Cu3O7ÿx samples; along with
the best ®tted trend [c � 0:60, c � 0:73; Eq. (11)] are
shown in Fig. 6. The predicted trends match with the
experimental data. However, two di�erent ``c'' values
(0.60 and 0.73) were needed to achieve this. The reason
may be that (i) the experimental data was not from a
singular source, (ii) the di�erent YBCO samples were
also synthesised using a wide variety of starting powder

Fig. 6. Variation of relative ultrasonic velocity, v=v0 (&, longitudinal;

*, transverse) with pore volume fraction (P) data of YBa2Cu3O(7ÿx)
from literature.28±32 The solid line represent best ®t (c � 0:73 for

longitudinal, c � 0:60 for transverse velocity data) to the proposed

relationship [Eq. (11)] derived on the basis of the MCA model.

Fig. 7. Variation of relative ultrasonic velocity, v=v0 (&, longitudinal;

*, transverse) with pore volume fraction (P) data of sintered iron

powder compacts from literature.8 The solid line represent best ®t

(c � 0:765) to the proposed relationship [Eq. (11)] derived on the basis

of the MCA model.

Fig. 8. Variation of relative ultrasonic velocity, v=v0 (longitudinal: &,

General Electric powder; &, Kenna powder) with pore volume frac-

tion (P) data of sintered tungsten powder compacts (initial particle size

4 mm) from literature.33 The solid line represent best ®t (c � 0:60) to
the proposed relationship [Eq. (11)] derived on the basis of the MCA

model.

Fig. 9. Variation of relative ultrasonic velocity, v=v0 (&, longitudinal)

with pore volume fraction (P) data of sintered tungsten powder com-

pacts (initial particle size 18 mm) from literature.33 The solid line

represent best ®t (c � 0:72) to the proposed relationship [Eq. (11)]

derived on the basis of the MCA model.
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particle sizes, purity and fabrication techniques; thereby
introducing sources of random ¯uctuations in the raw
data itself. From SCS model of Phani9 the ``�'' value is
estimated to be 0.357.

4.5. Sintered iron powder compact

The trends of variation in the experimental (v=v0)
versus P data of sintered iron powder compact9 along
with the best ®tted trend [c � 0:765, Eq. (11)] are shown
in Fig. 7. For both longitudinal and transverse velo-

cities, the predicted trends match with the experimental
data. The ``�'' value as estimated from SCS model9 is
0.273.

4.6. Sintered tungsten powder compact

The trends of variation in experimental (v=v0) versus
P data of sintered tungsten powder compact33 along
with the best ®tted trends [c � 0:60, 4 mm particle size
and c � 0:72, 18 mm particle size; Eq. (11) are shown in
Figs. 8 and 9. The ``�'' values as estimated from SCS
model of Phani9 are 0.725 and 0.453 for data presented
in Figs. 8 and 9, respectively.

5. Discussion

Based on the data of Table 1, the following best ®tted
empirical equations could be obtained:

a � 1:49ÿ 0:77c� 2:60c2 �12�

n � 0:49c� 0:10 �13�

Pc � 0:85ÿ 0:58c �14�
and

� � 2:39ÿ 2:75c �15�

The last of these equations [Eq. (15)] is obviously the
most important because it gives a linear relationship
between the ``e�ective pore aspect ratio �'' of the SCS
model9 and the ``densi®cation parameter c'' of the MCA
model.22 This unique relationship is depicted as a solid
line in Fig. 10. It may be noted that the data of both the
silicon nitride ceramics (HPSN and RBSN) were away
from the general trend. The exact reason for this is yet
to be known. However, it may be guessed that in the
case of RBSN, the pore shape would be dependent on

Fig. 10. Linear relationship between the e�ective pore aspect ratio (�)
of spheroidal pores as estimated by the SCS Model9 and the ``Densi-

®cation Parameter (c)'' from the MCA model. The solid line represents

Eq. (15). Insets show the change in the pore shape as the value of �
increases from a value close to zero (pore shape more oblate spher-

oidal) to a value close to unity (pore shape more spheroidal); con-

sequent to the changes in the value of the Densi®cation Parameter (c).

Fig. 11. Variation of relative longitudinal ultrasonic velocity, v=v0
with pore volume fraction (P) data of partially sintered alumina pow-

der compacts having two di�erent relative initial green density (�0)
values (&, r0=0.50; , �0 � 0:62) from literature.23 The solid lines

represent best ®t (� � 0:321 for �0 � 0:62 and � � 0:873 for �0 � 0:50)
according to the SCS Model9 The � values were determined on the

basis of the MCA model, Eq. 15).

Table 1

Model parameters for di�erent materials

Material c a1 n Pcr �

SiC 0.620 2.0058 0.4070 0.4985 0.689

HPSN 0.600 1.9580 0.3971 0.5107 0.441

RBSN 0.500 1.7499 0.3483 0.5700 0.621

Porcelain 0.820 2.5986 0.5048 0.3850 0.150

Superconductor (vl) 0.730 2.3062 0.4608 0.4336 0.357

Superconductor (vs) 0.600 1.9200 0.4100 0.5200 0.357

Iron 0.765 2.4149 0.4779 0.4141 0.273

Tungsten (4 mm) 0.600 1.9200 0.4100 0.5200 0.725

Tungsten (18 mm) 0.720 2.2763 0.4559 0.4393 0.453

Alumina (�0=0.50) 0.550 1.8475 0.3728 0.5443 0.873

Alumina (�0=0.62) 0.750 2.3675 0.4701 0.4223 0.321
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those present in the initial, green Si powder compact
and the kinetics of nitridation. Similarly, in the case of
HPSN, the actual pore shapes may be quite complex
due to the usual presence of sintering aids which a�ects
densi®cation and hence, pore shrinkage. Hence, the
corresponding ``c'' data were excluded while obtaining
Eq. (15). The change in pore shape as re¯ected by the
change in the values of ``�'' are shown as insets in Fig.
10.
Altogether 9 di�erent sets of data have been analysed

in the present work. All these data could be predicted
reasonably close to what have been experimentally
observed; by using Eq. (11). In all these cases the data
on both relative longitudinal and relative transverse
ultrasonic velocities could be explained by the singular
``c'' values (Figs. 2±5, 7±9) in complete conformity with
the model developed here; except for the data on YBCO
ceramic superconductor; the reasons for which has been
discussed earlier (Sub-section 4.4). These observations
lend credence to the validity of the proposed MCA
model and the corresponding equations.
In addition, it may be noted from Fig. 10 that the

lower the ``c'' value the higher is the e�ective aspect
ratio of the pore meaning that at lower values of ``c''
the microstructure consists of more spheroidal pores
which, in turn, enhances densi®cation. This gives the
physical signi®cance of the parameter ``c'' in the pro-
posed MCA model. It may be seen from Eq. (15) that at
c � 0:87, the value of ``�'' becomes zero, i.e. oblate
spheroids would reduce to disc shape at such stage and
prolate spheroids would correspondingly become more
needle shaped, as is also evident from Fig. 10. Similarly,
at a value of c � 0:51, the value of � becomes unity, i.e.
then the spheroidal pore assumes exactly the shape of a
sphere.
To check further the validity of the present MCA

model independently, the data of Lam et al.23 on the
variation of relative ultrasonic velocity of partially sin-
tered alumina compacts have been used in Fig. 11. Here,
the ``e�ective pore aspect ratio'' data was initially
obtained for the two sets of alumina compacts with two
di�erent initial relative density values (�0=0.50 and
0.62) using the calibration Eq. (15) with the best ®tted
``c'' values according to Eq. (11) of the present MCA
model. Then, these newly found values of ``�'' were used
in the SCS scheme developed by Phani9 to predict the
variation in the experimental data23 on relative long-
itudinal ultrasonic wave velocity as a function of the
pore volume fraction. The results are shown in Fig. 11.
The predicted trends (Fig. 11) show agreement with

the experimental data. That implies that the corre-
sponding ``c'' values which were used to predict these
``�'' values are reasonable and hence, the validity of Eq.
(11). Further, the predicted values of critical porosity
are in reasonable match with the experimental data (cf.
theoretically predicted Pcr is 0.54; experimental Pcr is

0.50; theoretically predicted Pcr is 0.42; experimental Pcr

is 0.38, Table 1).
The insets of Fig. 11 show the two very di�erent pore

geometries involved in these two alumina compacts23.
Notice that the compact with lower value of initial
relative density (hollow rectangle, Fig. 11) had a very
high value of e�ective pore aspect ratio, i.e. � � 0:873,
implying that the spheroidal pores were almost close to
sphere (� � 1) in shape. Such a starting microstructure,
would obviously have, at least initially, a faster densi®-
cation rate, and hence; higher values of relative long-
itudinal ultrasonic velocity in comparison to one with
the prolate spheroidal pore shape (� � 0:321, Fig. 11).
This second type of microstructure will have, at least
initially, a lower rate of densi®cation in spite of having a
higher relative green density (�0 � 0:6223) and hence; a
comparatively lower value of relative longitudinal
ultrasonic velocity at comparable levels of pore volume
fractions except at very low P values. Thus, our pre-
dicted trends are in reasonable agreement with the
experimentally observed data (Fig. 11). Such agreement
assumes considerable signi®cance in view of the fact
that a single e�ective aspect ratio ``�'' of the pores could
describe the correlation of ultrasonic velocity with por-
osity data over a wide range eg. as in the case of the
data on porous alumina23 considered here. Hence, this
point is worth some clari®cation.
It should be borne in mind that if the microstructures

of a batch of real, sintered material are considered;
more often than not the individual members will have a
large, wide range of porosities. Indeed, in such cases, the
real, individual pores can have aspect ratios varying
anywhere in the range 0 to 1. Following the work of
Dean10 and Phani,9 however, the e�ect of such real
pores on the ultrasonic velocity can be reasonably
approximated by consideration of a ``equivalent, con-
ceptual'' sintered material containing the same volume
fraction (P) of pores such that all the individual pores
have one and the same aspect ratio, de®ned as the
``e�ective aspect ratio'', �. The present work is based on
this premise of the SCS model.9,10 Therefore, for a given
set of data for a given material, the parameter called
``e�ective aspect ratio'', � remains a constant. In accor-
dance with Eq. (15) obtained in the present work this
constancy of � implies in turn, the constancy of the
densi®cation parameter ``c'', which, for a given set of
data for a given material is essentially determined by the
initial particle size of the powder being sintered and
their packing geometry in the green compact. This fact
is evident from the data given in Table 1 for the cases of
sintered tungsten powder compact33 and partially sin-
tered alumina.23 The case of partially sintered alumina
has been already discussed. For tungsten powder of 4
mm initial particle size, the e�ective aspect ratio of pores
is 0.725 and hence, c is 0.6. However, for the same
tungsten material with a larger initial particle size e.g. 18
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mm the e�ective aspect ratio becomes 0.453 and hence c
is 0.720. Thus, in the former situation, the equivalent
sintered material contains more of spheroidal pores
whereas in the later situation it contains more of prolate
spheroidal pores. As densi®cation proceeds, it is the
parameter r0 which changes, thus changing the shape of
the pores.
Finally, it may be recalled that the values of Pcr are

calculated as Pcr � 1=a1� �. It follows from Eq. (A3) that
at a critical porosity P � Pcr � 1=a1� �, the quantity on
the right hand side of (A3) vanishes i.e. (v=v0) becomes
equal to zero. This is the critical porosity level, beyond
which, the ultrasonic velocity becomes zero in the
material implying that at P > Pcr, the attenuation is so
high that e�ectively no velocity can be measured. In this
connection, it may be mentioned that Phani and co-
workers [34,35] have empirically proposed earlier a
similar relationship, viz.:

v=v0 � 1ÿ P� �m �16�

to explain the data on gypsum as well as sintered metal
powder compacts. In the Eq. (16), the quantity ``m'' is
an empirical parameter to be obtained by data ®tting
technique.
Now, it is apparent from our Eq. (A3) that it is the

generalised form of Eq. (16), proposed by earlier work-
ers.34,35 Further, the parameters ``a1'' and ``n'' are found
out here to be linked to ``c'' (cf. Eqs. 12 and 13, respec-
tively). The parameter ``c'' bears the physical signi®cance
of a ``densi®cation parameter'' as mentioned earlier.
Before the ®nal conclusions can be drawn, an impor-

tant aspect of the present work needs to be emphasized.
Unless ``c'' can be experimentally determined, the pre-
diction potential of the present model [Eq. (11)] can not
be fully realised. But, the experimental determination of
``c'' in the case of real porous structures is not an easy
task at the moment. This, in turn, may impose some lim-
itation on more widespread applications of the present
model for actual prediction, rather than only ®tting of the
ultrasonic velocity and hence, elastic constant data of
porous solids. It is interesting to note however, that in
spite of such limitations the densi®cation parameter ``c''
of the present MCA model could still predict the values
of real, physical bounds of the e�ective pore aspect ratio
``�'' i.e. at c � 0:87, ``�''=0 and at c � 0:51, ``�''=1.

6. Conclusions

The major conclusions of the present work are as fol-
lows:

a. The relationship between the normalised ultrasonic
velocity (v=v0) and the volume fraction (P) of

pores in porous materials has been derived on the
basis of a minimum solid area of contact (MCA)
model. The model considers the development of
the minimum solid area of contact during the
sintering of an assembly of monosized spheres
stacked in simple cubic packing.

b. Using the present MCA model it was possible to
predict the trends of variation in experimental
data on relative longitudinal as well as transverse
ultrasonic wave velocities as a function of pore
volume fraction in SiC, HPSN, RBSN, porcelain,
YBa2Cu3O7ÿx ceramic superconductors, and sin-
tered iron as well as tungsten powder compacts of
varying particle sizes.

c. The trends of variation in the experimental (v=v0)
versus P data of partially sintered alumina com-
pacts reported in the literature could be predicted
in an independent fashion, utilising the relation-
ship between the densi®cation parameter ``c'' of
the current MCA model and ``�'', the e�ective
pore aspect ratio of SCS model.

d. The relationship between (v=v0) and P [Eq. (11)]
describes the behaviour of both longitudinal and
transverse wave velocity in all but the ceramic
superconductors of the materials investigated here.

e. For all practical purposes, the relationship:

v=v0� � � 1ÿ 64A Pÿ 1� B� �1=2� 	ÿ 1
� �

= 8A 1ÿ P� �1=2� �
derived in the present work (A and B are both func-
tions of the densi®cation parameter c), can be e�ec-
tively approximated by the proposed empirical
relationship:

v=v0� � � 1ÿ a1P� �n

where the subscript zero refers to the material of theo-
retical density and a1, n are ®tting parameters.

Appendix

From Eq. (8), replacing ``a'' and ``b'' in terms of r0,
and remembering that �=�0 � 1ÿ P� �; we obtain the
following quadratic in terms of r0:

Ar20 � 1=4� �r0 � Bÿ 1ÿ P� �� 	 � 0 �A1�

where A � 3=8� � ÿD� �, B � 3=8� � �D� �, and D �
2cÿ 1� �=�. Now, solving Eq. (A1) for r0 in view of the
physical boundary condition that r0 can not be negative
as the densi®cation occurs during the course of sintering
and utilising the same in Eqs. (9) and (11); we obtain
after simpli®cation:
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v=v0� � � 1� 3ÿ 2D� �=2 1ÿ 2D� �� 	
P

� ��4 1ÿ 2D� �2ÿ 3ÿ 8D� �

� 3 1ÿ 2D� �3	= 8 1ÿ 2D� �� 	3�
P2

� higher order terms �A2�

The right hand side of Eq. (A2) can be approximated
e�ectively by the empirical relationship:

v=v0� � � 1ÿ a1P� �n �A3�
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